In order to more effectively establish the relationship between moving load speed and the extreme response of bridge free vibration, a novel analysis method is presented based on the moving load spectrum, which is deduced from Fourier transform in this paper. By analyzing the moving load spectrum in detail, the moving load velocities which lead to the extreme responses of bridge free vibration under single moving constant force or harmonic force are obtained, and the corresponding formula for calculating the moving load velocity which leads to the maximum response of bridge free vibration is put forward. Finally, the moving load spectrum for analyzing the extreme response of bridge free vibration is validated by a large number of calculations in the time domain in this paper. e results show that the moving velocities corresponding to the extreme points in the moving load spectrum are consistent with the velocities corresponding to the extreme points of the bridge vibration response obtained in the time domain, and the forced and free vibration displacement responses of bridge are not the largest when the single moving constant force or harmonic force passes through the bridge at the resonant velocity compared to other speeds.
Introduction
High-speed railway bridge, which plays a significant role in the rapid development of the high-speed railway [1] [2] [3] , not only ensures the smoothness of railway lines but also prevents too much settlement. Due to the simple architecture and convenient construction, the simply supported beam has become the preferred structure for the construction of high-speed railway bridge. However, as the train speed increases continuously, the problems arising from the vibration response of the bridge are more apparent. erefore, the dynamic analysis of bridges under high-speed train loads has drawn the attention of many researchers from different countries. A series of theoretical studies on the vibration response and control of the simply supported bridge in the high-speed railway has been carried out in the last few decades [4] [5] [6] . However, due to modern transportation becoming much heavier and faster, this research area remains an exciting and challenging one. e study of the vibration response of the train passing through bridges can trace back to the 18th century. Willis [7] obtained an analytical solution to the vibration response of the bridge by simplifying the train and bridge model when considering the cause of the collapse of the Chester bridge. After the 1960s, with the development of computers, a series of studies on the solution of the bridge dynamic response have been made by Maunder [8] , Weaver et al. [9] , Gbadeyan and Oni [10] , Frýba [11] , Michaltsos [12] , and Savin [13] , and these studies provide the theoretical basis for future research studies. With the rapid development of Chinese railway, especially high-speed railway, the quantities of research studies aiming at railway bridges have also increased (Li and Su [14] , Li and Qiang [15] , Zhang et al. [16] , Xia et al. [17] , Li et al. [18] ). e research range extends from vertical vibration of bridges to other vibration responses such as lateral vibration and torsion of bridge. However, the bridge resonance problem is noted in the study of the bridge vibration response. If the railway bridge is subjected to resonance all year round, it will lead to rail damage, ballast instability, concrete cracking, and so on. erefore, the problem of resonance caused by moving loads acting on railway bridges has been a hot topic (Ju and Lin [19] , Yang et al. [20] , Yau and Yang [21] , Mao and Lu [22] , Luu et al. [23] , Lu et al. [24] , Yang and Yau [25] ).
For the vibration response of a bridge under the action of the actual train, the coupling effect of the train bridge should be considered (Wang et al. [26] , He [27] ), but the bridge resonance under the train-bridge coupling cannot be solved analytically.
erefore, for the study of bridge resonance under train-bridge coupling, the influence of bridge span, vertical and lateral stiffness, train formation, and vehicle wheelbase parameters can only be judged by numerical analysis. However, to simplify the study of the bridge resonance under trainload, it is usual to simplify the trainload into the form of moving constant force. Xia et al. [28, 29] firstly studied several different forms of resonance that may occur when a train passes a bridge at a certain speed and then analyzed the vibration of simply supported beams under moving loads such as single moving force, equally spaced moving load columns, and nonequidistant moving loads.
It is known that a moving load travels through a bridge; the vibration response can be divided into two stages, such as the forced vibration period and the free vibration period. Due to the increase of the train speed, the time that the train acts on the bridge is shorter and shorter and the time of the bridge free vibration is much longer than that of the forced vibration. Moreover, the amplitude of the bridge free vibration response decreases slowly due to the small damping. Apparently, the free vibration is more harmful to the bridge than the forced vibration. erefore, most scholars have begun to pay attention to the bridge free vibration response caused by the moving loads (Xia et al. [29] , Pesterev et al. [30] , Museros et al. [31] , Kumar et al. [32] ). Pesterev et al. [30] found that after a single moving load passes through a simply supported bridge at different speeds, the free vibration response of the bridge has a series of extreme points, but the corresponding velocities of these extreme points are not resonant velocities. Moreover, Xia et al. [29] mentioned in his book that the maximum of the free vibration displacement response of a simply supported beam under a single moving load does not increase monotonously with the increase of the load speed and some peaks appear at certain speeds. Museros et al. [31] studied the free vibration response of simply supported beams under moving loads and found that there are a series of extreme points in the bridge vibration response where the maximum and minimum values appear alternately; however, the corresponding velocities of these extreme points are also not resonant velocities.
us, it should be noted that the moving load possessing the resonant velocity does not mean that the bridge will show resonance response. In fact, when the moving constant load passes through the simply supported beam at the resonant speed, the bridge free vibration response does not reach the maximum response.
In the abovementioned literature, these research studies on the bridge vibration response under moving loads are from the perspective of time domain, while few documents involve frequency-domain analysis. Relative to the time domain, the frequency-domain analysis has many advantages, such as intuitive and no need to solve differential equations. erefore, in this paper, in order to more effectively establish the relationship between the moving load speed and the extreme response of bridge free vibration, a convenient and effective frequency-domain analysis method is presented based on the moving load spectrum, which is deduced from Fourier transform. In this paper, firstly for the moving loads such as a moving constant force and harmonic force, the moving load spectrums are deduced in the frequency domain by Fourier transform considering the modes of bridge. en, by analyzing the extreme values of the amplitude spectrum of the moving load, the maximum free vibration response of bridge under all possible velocities of the traveling load is studied. Furthermore, the effective formulas are presented to conveniently determine the velocities of the moving load corresponding to the maximum amplitude of the bridge free vibration response without intensive computations. Finally, the moving load spectrum for analyzing extreme response of bridge free vibration is validated by a large number of calculations in the time domain in this paper.
Moving Load Spectrum in Frequency Domain

A Single Moving Constant Force Acting on the Simply
Supported Bridge. Although the moving load is a relatively simple model of vehicle, it can be very useful to engineers and researchers when examining more realistic models of moving vehicles, providing reasonable approximations of the desired results and helping to devise a plan of attack on the problem. For a simply supported bridge with a span of L under the action of a single constant force p 0 with the constant velocity v as shown in Figure 1 , the motion equation can be expressed as follows:
where y b (x, t) is the vertical displacement of the bridge at t time and x position and f b (x, t) is the moving constant force, which can be regarded as a pulse load since the action time of the moving constant force is limited. Assuming that the bridge is the Euler-Bernoulli beam, the properties of the bridge remain unchanged along the span direction; that is, both the unit length stiffness EI and the unit length mass m b of the bridge are constant. Also, assuming that the damping of the bridge is viscous Rayleigh damp, the damping coefficient c b has the orthogonality of mode shape. δ is the Dirac function, and U is the Heaviside function. e vertical displacement of the bridge y b (x, t) at the x position and t time can be expressed as a linear combination of the bridge vibration modes:
2 Shock and Vibration where q bj (t) is the generalized coordinates and ϕ j (x) is the jth mode of the bridge. For the simply supported beam with the equal section, ϕ j (x) � sin (jπx/L). Substituting equation (3) into equation (1), multiplying ϕ m (x) on both sides of the equation, and integrating along with the bridge span from zero to L, then
Considering the orthogonality of modes, the equation of motion can be decoupled as follows:
where ω bj and ξ bj are the jth circular frequency and modal damping ratio of the beam, respectively, and f bj (t) is the jth mode moving load:
en, by the Fourier transform for two sides of equation (5) , the spectrum of the jth mode displacement response can be expressed as follows:
Accordingly, in the frequency domain, the spectrum of the bridge displacement response at the x position caused by the moving constant force can be represented in the series form as follows:
where H j (ω) is the transfer function:
Also, F bj (ω) is the moving load spectrum of the jth mode moving constant force, that is, the Fourier transform of f bj (t):
Furthermore, the moving load spectrum considering odd modes, j � 1, 3, 5, . . ., can be rewritten as
(11a)
And for the even modes, j � 2, 4, 6, . . ., the moving load spectrum is expressed as
A Single Moving Harmonic Force Acting on the Simply
Supported Bridge. Sometimes, in order to consider the effect of the track irregularity and train frequencies, the moving force model of train load is also regarded as the moving harmonic force P 0 e iω 0 t with the constant frequency ω 0 and the amplitude P 0 as shown in Figure 2 . en, the moving harmonic load with speed v acting on a simply supported bridge with the span L can be shown as
And the jth mode moving harmonic force f hj (t) is
Accordingly, in like manner, the moving load spectrum of the jth mode moving harmonic force is
Similarly, for the jth-mode moving harmonic force, the moving load spectrum with the odd modes can be shown as follows: Shock and Vibration 3
and the moving load spectrum considering the even modes is rewritten as
The Moving Load Speeds Corresponding to the Extreme Response of Bridge Free Vibration
e Speeds of a Single Moving Constant Force.
For the sake of simplification, the effect of bridge damping is neglected, and only the first-order mode of bridge is considered in the following contents. According to equation (8), since considering only the first-order mode of structure, the spectrum of displacement response at the x position of the bridge under a single moving constant force is as follows:
en, the amplitude spectrum of displacement response
For a bridge, the transfer function of vibration response reaches its maximum when the frequency ω equals the fundamental frequency ω b1 of the bridge. Except that, according to equation (17), the magnitude of the displacement amplitude spectrum at the x position of a bridge is only related to the modulus of the moving load spectrum, namely, the amplitude spectrum |F b1 (ω)| of the moving load:
It is common knowledge that |Y b (x, ω b1 )| is the displacement amplitude of resonance response when the frequency ω � ω b1 . Corresponding to |Y b (x, ω b1 )|, the modulus of the moving load spectrum is |F b1 (ω b1 )|:
According to equation (17), at any position x of a bridge, the amplitude |Y b (x, ω b1 )| increases along with the increase of |F b1 (ω b1 )|. So, in order to determine the maximum of |Y b (x, ω b1 )|, it is crucial to analyze the extreme values of |F b1 (ω b1 )|. According to equation (19) , the extreme values are only related to the moving speeds of a constant force p 0 traveling on a bridge with the natural frequency ω b1 and the span L. Considering a nondimensional speed
For the sake of convenience, taking � 2 √ (πp0/ω b1 ) as one unit, then the derivative of |F b1 (κ)| with respect to κ can be obtained as follows:
e graph of the derivative function g(κ) is shown in Figure 3 . It is generally known that |F b1 (κ)| has extreme values when the derivative g(κ) � 0. e first five points corresponding to the derivative g(κ) � 0 can be found in Figure 3 , but it is noted that there is a breakpoint in the derivative function g(κ) when the nondimensional speed κ � π. Furthermore, according to the changing law of the derivative function curve around five points corresponding to g(κ) � 0, it is acknowledged that the points 1, 3, and 5 correspond to the local maximum points of |F b1 (κ)| while the points 2 and 4 correspond to the local minimum points, and these local maximum and minimum points appear alternately. For the points 1∼5, the corresponding κ values are listed in Table 1 . Substituting the abovementioned extreme points into equation (20) shows that the maximum value of | Shock and Vibration F b1 (κ)| is obtained at the extreme point 1. Moreover, when the frequency ω is equal to the bridge frequency ω b1 , the bridge vibration response amplitude spectrum |Y b (x, ω b1 )| is the largest, so the corresponding moving load speed according to κ � ω b1 L/v can be acquired as follows:
Note that the speed from equation (22) of a single moving constant load is able to excite the maximum amplitude of the free vibration response of a simply supported bridge.
Speeds of a Single Moving Harmonic
Force. By comparing equations (11a) and (11b) and (15a) and (15b), it can be seen that the difference between the moving load spectrums of two kinds of moving loads (the moving constant force and the moving harmonic force) lies in the harmonic frequency ω 0 . erefore, the amplitude spectrum of a single moving harmonic force can be obtained by the same way:
In like manner, the extreme values of |F h1 (ω)| are only related to the moving speeds of a harmonic force P 0 e iω 0 t acting on a bridge with the natural frequency ω b1 and the span L. Let κ � |ω b1 − ω 0 |L/v be a nondimensional speed, then
Taking � 2 √ (πp 0 /|ω b1 − ω0|) as one unit, the derivative is carried out in the same way and has the same function as equation (21) . erefore, for the extreme points of |F h1 (κ)|, they have the same nondimensional speeds κ as listed in Table 1 according to the derivative function g(κ) � 0. In like manner, according to κ � |ω b1 − ω 0 |L/v, the speed of a single moving harmonic force exciting the maximum amplitude of the free vibration response of the bridge can be acquired as
It should be pointed out that the difference between equations (22) and (25) only lies in the frequency ω 0 of the moving harmonic force P 0 e iω 0 t .
Numerical Verification
In order to verify the effectiveness of the proposed novel method for analyzing maximum free vibration of simply supported bridges based on the moving load spectrum, the results calculated by solving the motion equation of bridge in the time domain as comparison are very important. So, in this paper, three kinds of time-domain methods such as mode decomposition method (MDM), finite element method (FEM), and frequency-domain analysis method (FAM) are programmed by a computer language for calculating the vibration responses of the simply supported bridges under a single moving load with different speeds. MDM and FEM are widely adopted to solve the motion equation while FAM is another method by performing the inverse Fourier transform of Y b (x, ω) to obtain the closed solution y b (x, t).
e bridge and moving load data listed in Table 2 from the literature [33] are utilized as an example; the displacement vibration responses of the bridge under the moving load with a speed of 100 km/h are calculated through the above three methods. As shown in Figure 4 , it can be seen that the displacements of the bridge midspan solved by the three methods are consistent with the results obtained from the analytical solution (AS) in the literature [33] . erefore, it is verified that the computer programs of the mentioned three methods are perfectly fine, and the expressions of Y b (x, ω) and F bj (ω) by the theoretical derivations of the Fourier transform are also utterly correct in this paper.
On the other hand, to illustrate the effect of damping and multimodes of structure, the deformations of the bridge midspan for the undamped and damped cases considering various numbers of vibration modes have been plotted in Figure 5 . As can be seen, the effect of damping on the response of the bridge during the action of the moving load is rather small. For this reason, the effect of damping has often been neglected in research concerning the vibration response of bridges. Moreover, the results shown in Figure 5 for the midspan displacement by considering only the first mode are good enough, partly due to the fact that all the antisymmetric modes contribute nothing to the midpoint deflection of the Shock and Vibration 5 bridge. is gives researchers the impression that utilizing only the first mode can yield generally good approximate solutions, especially when the midpoint deflection of the bridge is desired. Such an approximation neglecting damp and considering the first mode has been previously adopted by many researchers in their analytical studies. e forced vibration of a bridge occurs only when the moving load acts on the bridge, and then, the free vibration of the bridge occurs and lasts for a period of time. For the two kinds of motions, the maximum values of the midpoint displacement response of the bridge under the moving load with different speeds are shown in Figure 6 . For the same speed of the moving load, the displacement response maximums of the forced and free vibration are different obviously. For example, as can be seen from Figure 6 , at the medium-speed stage (such as 40∼90 m/s), the forced vibration maximums are not significantly different from those of free vibration response, while at the low-speed stage (such as 0∼40 m/s), the maximums of the forced vibration response are much larger than those of the free vibration response. is is mainly due to the fact that at the low-speed stage, a moving load can act on the bridge for a long time, and the response of the forced vibration is composed of the steady-state reaction and the transient reaction, so the maximum values of the forced vibration response are much larger than the maximums from the free vibration response of the bridge. However, at the high-speed stage, a moving load may act on the bridge for a short period of time, so that the bridge does not react quickly and completely before the moving load leaves the bridge fast. erefore, it can be found from Figure 6 that for the high-speed stage where the speeds are higher than 90 m/s, the maximum value of the free vibration response is gradually greater than that of the forced vibration response along with the speed increases.
Due to the fact that the time of free vibration is much longer than that of the corresponding forced vibration of a bridge under a moving load, it is significant to study the maximum amplitude of the free vibration for the railway bridge with a high-speed train. e proposed novel method based on the moving load spectrum in this paper can effectively analyze the speed of the moving load affecting the maximum amplitude of the bridge free vibration. Figure 7 . It shows that corresponding to the moving speed 50 km/h, the amplitude spectrum mainly distributes in the range of 0∼7.62 rad/s, while with the increase of moving speed, such as 200 km/h and 326 km/h, the main distribution range enlarges, ranging from 0∼26.16 rad/s to 0∼42.73 rad/s, respectively. Although the frequency range expands with the increase of moving load speed, the amplitude spectrum decreases in the lowfrequency part. It can be known from Figure 7 that at ω � ω b1 � 14.25 rad/s, the amplitude spectrums corresponding to different velocities are |F b1 (ω)| v�50 km/h < |F b1 (ω)| v�100 km/h < |F b1 (ω)| v�326 km/h < |F b1 (ω)| v�200 km/h . Apparently, according to equation (17), it can be known that the corresponding amplitude spectrums of the bridge vibration response are In order to verify the correctness of the analysis based on the moving load spectrum in the frequency domain, the time history responses of the midpoint deflection (including free and forced vibrations) of the bridge under a moving constant force possessing the speeds such as 50 km/h, 100 km/h, 200 km/h, and 326 km/h are shown in Figure 8 . It can be observed that when the load moving speeds are 50 km/h and 100 km/h, the amplitudes of the free vibration response of the bridge are significantly smaller than the amplitudes corresponding to the moving speeds 200 km/h and 326 km/h. Moreover, the bridge free vibration amplitudes for the load moving speeds 326 km/h and 50 km/h are slightly smaller than the amplitudes with regard to the load moving speeds 200 km/h and 100 km/h, respectively. ese results are completely consistent with those found based on the moving load spectrum as shown in Figure 7 .
A Single Moving Constant Force Exciting the
It is noted that the moving speed of 326 km/h in the analysis is the resonant velocity V res � ω b1 L/π. However, not only the amplitude of the free vibration is not the maximum, but also the amplitude of the forced vibration is not the maximum as shown in Figure 8 . It verifies that the resonant speed of the moving load does not necessarily excite the bridge to produce the maximum response.
Verification of the Moving Load Speed Corresponding to the Maximum Free Vibration Response of a Bridge.
It is an accepted idea that resonance is the maximum vibration response. However, for the vibration of a bridge under the moving load with resonant velocity, no resonance can occur since the force traverses the bridge for a finite time, that is, the maximum of the bridge response never occurs at the resonant velocity [30] . In this paper, a simple formula V |Y|max � ω b1 L/4.34 acquired through analyzing the maximum of |F b1 (ω b1 )| is proposed to calculate the moving load speed corresponding to the maximum free vibration response of a bridge. Besides, the other speeds corresponding to the extremism of the free vibration response can be obtained by the analysis on the extremism of |F b1 (ω b1 )| in the same way.
In order to verify the proposed speed formula and the other speeds corresponding to the extremism response, according to the bridge parameters in Table 2 , the comparative analysis is made between the frequency domain and the time domain as shown in Figures 9 and 10 , respectively. Figure 9 shows the amplitudes of a moving constant load at different speeds, while Figure 10 displays the displacement amplitudes of the bridge free vibration response solved in the time domain by MDM, FEM, and FAM concerning the different speeds of the moving load. By comparing Figures 9  and 10 , it can be found that the moving load speed corresponding to the maximum amplitude of the moving load is identical to that corresponding to the maximum amplitude of the free vibration displacement response. Obviously, this speed coincides with 65.65 m/s calculated by the proposed formula (22) . It should be pointed out that such a critical speed is rarely noticed since it is different from the resonant velocity V res � ω b1 L/π � 90.7 m/s, or 326 km/h, which in fact never induces the maximum of the bridge response. Besides, the load moving speeds corresponding to other extreme points of the free vibration displacement response in Figure 10 have a good agreement with the speeds corresponding to other extreme points of the moving load amplitudes in Figure 9 , and these speeds listed in Table 3 are related to the fundamental frequency and span of the bridge. (18) and (23), it can be found that equation (23) is the same as equation (18) when the harmonic frequency ω 0 � 0. at is, the amplitude spectrum of the moving harmonic load can be obtained by shifting a harmonic frequency ω 0 to the right in the horizontal coordinate as shown in Figure 11 . Furthermore, as can be seen from Figure 11 , the harmonic frequency ω 0 is closer to the bridge fundamental frequency ω b1 , the corresponding amplitude spectrum of the moving harmonic load is larger, for example, |F h1 (ω b1 )| ω0�10.25 rad/s < |F h1 (ω b1 )| ω0�12.25 rad/s < |F h1 (ω b1 )| ω0�14.25 rad/s . Moreover, it can also be seen that the amplitudes |F h1 (ω b1 )| corresponding to the symmetrical harmonic frequencies about the bridge fundamental frequency are the same, such as |F h1 (ω b1 )| ω0�10.25 rad/s � |F h1
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(ω b1 )| ω0�18.25 rad/s and |F h1 (ω b1 ) | ω0�12.25 rad/s � |F h1 (ω b1 )| ω0�16.25 rad/s . In order to confirm the validity of the analysis based on the moving harmonic load spectrum in the frequency domain, the displacement vibration responses of the bridge at the speed Table 4 are shown in Figure 12 . It can be observed from the figure that the closer the harmonic frequency ω 0 is to ω b1 , the larger the amplitude of the free vibration response of the bridge midspan, such as, max{y h (L/ 2, t) ω0�10.25 rad/s } < max{y h (L/2, t) ω0�12.25 rad/s } < max{y h (L/ 2, t) ω0�14.25 rad/s , which is corresponding to |F h1 (ω b1 )| ω0�10.25 rad/s < |F h1 (ω b1 )| ω0�12.25 rad/s < |F h1 (ω b1 ) | ω0�14.25 rad/s in Figure 11 . And when the harmonic frequency of a moving harmonic load is symmetric about the bridge fundamental frequency, the amplitudes of the bridge free vibration at the midspan are equal, for example, max{y h (L/2, t) ω0�10.25 rad/s } � max{y h (L/2, t) ω0�18.25 rad/s } and max {y h (L/2, t) ω0�12.25 rad/s } � max{y h (L/2, t) ω0�16.25 rad/s }. ese above results displayed in Figure 12 are completely consistent with those found based on the moving harmonic load spectrum in Figure 11 . erefore, it confirms the validity of the analysis based on the moving harmonic load spectrum in the frequency domain.
Verification of the Moving Load Speed Corresponding to the Maximum Free Vibration Response of a Bridge.
All the harmonic frequencies in Table 4 are selected for verification as shown in Figures 13 and 14 . Comparing Figures 13 and 14 , it can also be seen that for the different harmonic frequencies, the speeds at the extreme points of the moving harmonic load amplitudes are in one-to-one correspondence with those at the extreme values of the bridge free vibration amplitudes. So, the speeds corresponding to the maximum displacements of the bridge free vibration can be obtained by using equation (25) , and they are listed in Table 5 . , the closer the harmonic frequency is to the bridge fundamental frequency, the larger the maximum amplitudes of both the moving harmonic load and the displacement response of the bridge free vibration are, such as max{|F h1 (ω b1 ) | ω0�10.25 rad/s } < max{|F h1 (ω b1 )| ω0�12.25 rad/s } and max{y h (L/ 2, t) ω0�10.25 rad/s } < max{y h (L/2, t) ω0�12.25 rad/s }; however, the smaller the corresponding moving load speed is. Also, for the symmetrical harmonic frequencies concerning the bridge fundamental frequency, the corresponding displacement amplitudes of the bridge free vibration are consistent with each other, and the corresponding amplitudes of the moving harmonic load also agree with each other.
Besides, in Figures 13(c) and 14(c) , for the harmonic frequency ω � ω b1 � 14.25 rad/s, bridge resonance response occurs when the moving harmonic load is static and acts on the bridge. However, the resonance disappears due to the influence of the speed of the moving harmonic load. Also, the amplitude response decreases with the increase of the moving load speed as shown in Figure 14(c) . Similarly, the amplitude of the moving harmonic load in Figure 13 (c) also decreases with the increase of the speed of the moving load. ese results are reflected in the proposed speed formula (25) corresponding to the maximum response of bridge free vibration. Figure 13 : Amplitudes of the moving harmonic loads with different frequencies versus different speeds.
Conclusions
Based on the moving load spectrum deduced from Fourier transform in this paper, a novel method is proposed to analyze the extreme response of bridge free vibration under a traveling load such as single moving constant force and harmonic force. By analyzing the moving load spectrum in detail, it has been shown that there exists a unique expression describing the dependence of the free vibration maximum response of a simply supported bridge on the speed of the moving load in this paper. is expression can be quite useful for design engineers and researchers without intensive computations to conveniently and quickly assess the speed of a moving load corresponding to the maximum response of the free vibration. In the fourth section of this paper, the moving load spectrum deduced for the first time and the presented formulas are validated by a large number of calculation results in the time domain, and the following conclusions are drawn: e moving load spectrum deduced through the Fourier transform in the frequency domain affects directly the magnitude of bridge free vibration response. Table 5 : Speeds of the moving harmonic load with ω 0 corresponding to the bridge maximum response. e speeds corresponding to the extreme points in the moving load spectrum are consistent with those corresponding to the extreme points of the bridge vibration response obtained in the time domain. For a traveling constant force, the moving speed expressed by the presented formula (23) in the paper can cause the maximum response of the bridge free vibration, and it is related not only to the fundamental frequency of the bridge but also to the span. Further considering the effect of the natural frequency of the moving load, for a moving harmonic force, the corresponding load speed formulated as equation (25) in this paper can excite the maximum response of the bridge free vibration, and it is related not only to the fundamental frequency and span of bridge but also to the harmonic frequency of the moving harmonic load. Moreover, the closer the harmonic frequency is to the natural frequency of the bridge, the greater the free vibration response of the bridge is, while the corresponding moving speed of the harmonic load decreases relatively. However, these above speeds resulting in the maximum response of the bridge free vibration are different from the resonant velocity V res � ω b1 L/π. In fact, after a moving load passes through a bridge at the resonant speed, the forced and free vibration responses of the bridge are not the largest. For the moving load with the natural frequency, the bridge resonance response may not be excited when the harmonic frequency of the moving is equal to the fundamental frequency of the bridge. It happens only when the moving load possessing bridge frequency is static and always acts on the bridge.
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